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ON THE LE´VY CONSTANTS OF STURMIAN CONTINUED
FRACTIONS
YANN BUGEAUD, DONG HAN KIM, AND SEUL BEE LEE
Abstract. The Le´vy constant of an irrational real number is defined by the
exponential growth rate of the sequence of denominators of the principal con-
vergents in its continued fraction expansion. Any quadratic irrational has an
eventually periodic continued fraction expansion and it is well-known that this
implies the existence of a Le´vy constant. Let a, b be distinct positive integers.
In this paper, we show that if the sequence of partial quotients of an irrational
real number is a Sturmian sequence over {a, b}, then it has a Le´vy constant,
which depends only on a, b, and the slope of the Sturmian sequence, but not
on its intercept. Furthermore, we show that the set of Le´vy constants of irra-
tional real numbers whose sequence of partial quotients is periodic or Sturmian
is equal to the whole interval [log((1 +
√
5)/2),+∞).
1. Introduction and main results
Let α be an irrational real number. Let [a0; a1, a2 . . .] be its continued frac-
tion expansion and, for n ≥ 1, let Pn(α)/Qn(α) denote the rational number
[a0; a1, a2, . . . , an], called the n-th partial quotient of α. In 1936 Khintchine [9]
proved that there exists a real number L such that the sequence ((logQn(α))/n)n≥1
converges to L for almost all α and the same year Le´vy [12] proved that L =
pi2/(12 log 2). More generally, we say that α has a Le´vy constant if the sequence
((logQn(α))/n)n≥1 converges, in which case we set
L(α) = lim
n→∞
1
n
logQn(α).
Not all irrational numbers α have a Le´vy constant. An obvious example is given
by [0; 10, 102!, . . . , 10n!, . . .], for which the above limit is equal to infinity. A more
interesting example is the following. Let a, b be distinct positive integers. Let
ξa,b := [0; a, b, a, a, b, b, b, b, a, a, . . .]
denote the real number whose first partial quotient is a and whose 2n + 1-th up to
2n+1-th partial quotients are b if n is even and a if n is odd. An easy calculation (see
at the end of Section 2 below) shows that ξa,b does not have a Le´vy constant. Note
that the set of real numbers which do not have a Le´vy constant has full Hausdorff
dimension [14, Theorem 3]; see also [2].
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It is well-known that every quadratic real number α has a Le´vy constant, which
can be expressed in terms of the partial quotients of the periodic part of the con-
tinued fraction expansion of α; see [8] or Lemma 3.1 below. In particular, for every
positive integer a, we have
L([0; a, a, a, . . .]) = log a+
√
a2 + 4
2
.
Since the quadratic real numbers are exactly the real numbers whose sequence of
partial quotients is ultimately periodic, that is, the real numbers whose continued
fraction expansion is the most simple, from the point of view of combinatorics on
words, we may ask whether all real numbers whose sequence of partial quotients is
sufficiently simple, in some sense, have a Le´vy constant. Let us be more precise.
For an infinite word w = w1w2 . . . over the alphabet of positive integers, let
p(n,w) := Card{wi+1 . . . wi+n : i ≥ 1}
denote the number of distinct factors (subwords) of length n contained in w. The
function n 7→ p(n,w) is called the complexity function of w. Clearly, if (wj)j≥1
is unbounded, then p(n,w) is infinite for every n ≥ 1. In the sequel, we tacitly
assume that (wj)j≥1 is bounded. If (wj)j≥1 is ultimately periodic, then the sequence
(p(n,w))n≥1 is bounded and [0;w1, w2, . . .] is a quadratic real number, thus it has a
Le´vy constant. If (wj)j≥1 is not ultimately periodic, then the sequence (p(n,w))n≥1
satisfies p(n,w) ≥ n+ 1 for n ≥ 1. Infinite words w for which p(n,w) = n+ 1 for
n ≥ 1 do exist and are called Sturmian words. They can be described as follows.
Let a, b be distinct positive integers. For a real number θ in [0, 1] and a real
number ρ with 0 ≤ ρ < 1, set
sn =
{
a if b(n+ 1)θ + ρc − bnθ + ρc = 0,
b if b(n+ 1)θ + ρc − bnθ + ρc = 1
and
s′n =
{
a if d(n+ 1)θ + ρe − dnθ + ρe = 0,
b if d(n+ 1)θ + ρe − dnθ + ρe = 1.
We also set sθ,ρ = (sn)n≥1 and s′θ,ρ = (s
′
n)n≥1 and call these infinite words me-
chanical words. The real numbers θ and ρ are called the slope and the intercept,
respectively. It is well-known (see e.g. [13, Theorem 2.1.13]) that an infinite word
is a Sturmian word if and only if it is a mechanical word with an irrational slope.
A first goal of the present paper is to investigate the following questions:
How slow should grow the sequence (p(n,w))n≥1 to ensure that [0;w1, w2, . . .]
has a Le´vy constant? In particular, for a Sturmian word w, does the real number
[0;w1, w2, . . .] have a Le´vy constant?
Our first result answers positively the second question.
Theorem 1.1. Let w = w1w2 . . . be an infinite word over the positive integers. If
there exists an integer k such that
p(n,w) ≤ n+ k, for n ≥ 1,
then the real number [0;w1, w2, . . .] has a Le´vy constant.
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Throughout the proof of Theorem 1.1, we show that the Le´vy constant of the
continued fraction [0;w1, w2, . . .], where w = w1w2 . . . is a Sturmian word, does
depend only on the slope of w, not on its intercept.
The real numbers ξa,b defined above show that we cannot hope for a much better
result than Theorem 1.1. Indeed, it is easy to see that the complexity function of
the infinite word wa,b formed by the concatenation of its partial quotients satisfies
2n ≤ p(n,wa,b) = 3n, for n ≥ 1 (a careful study yields more precise bounds).
In 1997 Faivre [7] showed that, for all real numbers ` with ` ≥ log((1 +√5)/2),
there exists an irrational real number α such that ` = L(α). Wu [15] proved that
the Le´vy constants of quadratic irrationalities are dense in the interval [log((1 +√
5)/2),+∞). An alternative proof of Wu’s result was given in 2008 by Baxa [3],
who established a slightly stronger result, namely that, for all integers a, b with
1 ≤ a < b, the closure of the set
{L(α) : α quadratic with partial quotients in {a, b}}
is equal to the whole interval [L([0; a]),L([0; b])]. Here and throughout the present
paper, for positive integers a1, . . . , ar, ar+1, . . . , ar+s and for an integer a0, we de-
note by [a0; a1, . . . , ar, ar+1, . . . , ar+s] the quadratic number whose sequence of par-
tial quotients starts with a0, a1, . . . , ar, followed by its periodic part ar+1, . . . , ar+s.
Our second main result is the following refinement of Faivre’s result. A Stur-
mian (resp., mechanical) continued fraction is a continued fraction whose sequence
of partial quotients is a Sturmian (resp., mechanical) sequence. Recall that any
mechanical continued fraction is either Sturmian, or represents a quadratic num-
ber.
Theorem 1.2. Let a, b be integers with 1 ≤ a < b. The set of Le´vy constants of
mechanical continued fractions with intercept 0 and written over the alphabet {a, b}
is equal to the whole interval [L([0; a]),L([0; b])].
We display an immediate corollary.
Corollary 1.3. For all real numbers ` with ` ≥ log((1 + √5)/2), there exists
a Sturmian continued fraction or a quadratic real number whose Le´vy constant is
equal to `. Let a be an integer with a ≥ 3. Then, there exists a mechanical continued
fraction α over {1, a} such that L(α) = L = pi2/(12 log 2).
The last statement of the corollary follows from the inequality L < log 3+
√
13
2 .
To establish Theorem 1.1 we define a function f on [0, 1] which associates to a
given θ in [0, 1] the Le´vy constant of some mechanical continued fraction and we
show that f is increasing and continuous. It would be interesting to study more
deeply the regularity of f .
Theorems 1.1 and 1.2 are proved in Sections 2 and 3, respectively. In passing,
we establish in Proposition 3.3 a new formula for the Le´vy constant of a quadratic
number, which appears to be crucial in our proof.
2. Any Sturmian continued fraction has a Le´vy’s constant
Let w be an infinite word. For n ≥ 1, we denote by Fn(w) the set of distinct
factors (subwords) of w of length n and observe that p(n,w) is the cardinality of
Fn(w). We further let F (w) denote the set of all finite factors of w.
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We deal with a special class of Sturmian words. For an irrational number θ in
[0, 1], we denote by cθ the word such that
sθ,0 = s
′
θ,0 = cθ.
We call cθ the characteristic word of slope θ. We point out that two Sturmian
words have the same set of factors if and only if they have the same slope; see
Proposition 2.1.18 in [13].
Let θ = [0; 1 + d1, d2, . . . ] be the irrational slope of the Sturmian word
s = s1s2 . . . .
We may assume that d1 ≥ 1 since we can set θ′ = 1 − θ otherwise. Thoroughout
this paper, the length of a finite word M , that is, the number of letters composing
M , is denoted by |M |.
Notation 2.1. We use the following notations.
(1) The words are written over the alphabet {a, b}, where a, b are distinct inte-
gers.
(2) For w = w1w2 . . . with wj in N for j ≥ 1, we set
x = [0; w] = [0;w1, w2, . . . , wj , . . .].
(3) We denote by x = [0; s] the real number whose sequence of partial quotients
is given by the Sturmian word s = s1s2 . . .. The slope of the Sturmian word
s is the irrational real number θ = [0; 1 + d1, d2, . . .].
We denote the principal convergents of x = [0; s1, s2, . . .] by Pi/Qi and
the principal convergents of θ = [0; 1 + d1, d2, . . .] by pi/qi.
(4) For a finite word M = b1b2 . . . bn, we denote by M
− its prefix b1 . . . bn−1 of
length n− 1.
We define the sequence of words (Mn)n≥−1 by setting
Mn = M
dn
n−1Mn−2,
where M−1 = b and M0 = a. Then it is known that
cθ = lim
n→∞Mn
and that |Mn| = qn, for n ≥ 0.
Let K(a1, . . . , an) be the denominator of the rational number [0; a1, a2, . . . , an].
Then we have(
a1 1
1 0
)
. . .
(
an 1
1 0
)
=
(
K(a1, . . . , an) K(a1, . . . , an−1)
K(a2, . . . , an) K(a2, . . . , an−1)
)
.
Therefore, we have
K(a1, . . . , an+m)
= K(a1, . . . , an)K(an+1, . . . , an+m) +K(a1, . . . , an−1)K(an+2, . . . , an+m).
Thus,
K(a1, . . . , an)K(an+1, . . . , an+m) < K(a1, . . . , an+m)
≤ 2K(a1, . . . , an)K(an+1, . . . , an+m).
Let us write K(M) = K(b1, b2, . . . , bn) for a word M = b1b2 . . . bn.
ON THE LE´VY CONSTANTS OF STURMIAN CONTINUED FRACTIONS 5
Remark 2.2. We observe that
(M1M0)
−− = ad1 = (M0M1)−−.
and claim that, for k ≥ 2, we have
MkM
−−
k−1 = Mk−1M
−−
k .
This claim can be proved by induction, using that
MkM
−−
k−1 = M
dk
k−1Mk−2M
−−
k−1 = M
dk
k−1Mk−1M
−−
k−2 = Mk−1M
−−
k .
Let M be in Fqk−1(cθ). By construction, the characteristic word cθ can be
written as the concatenation of words Mk and Mk−1, without two consecutive
copies of Mk−1. Combined with the claim, this shows that
(2.1) any factor M of length qk − 1 of s is a factor of Mk(Mk)−−.
Lemma 2.3. Let M be a factor of s of length n with qk ≤ n ≤ qk+1 − 1. Then,
(a) M is a factor of MkMk . . .MkMk−1,
or
(b) M = UV , where U is a suffix of Mk+1 and V is a prefix of Mk+1 with
|V | ≥ qk − 1.
Proof. By (2.1), M is a factor of Mk+1 or M = UV where U is a suffix of Mk+1 and
V is a prefix of Mk+1. If |V | ≤ qk−2, then V is a prefix of M−−k . Thus, M = UV is
a factor of Mk+1Mk
−− = MkMk+1−− and also a factor of MkMk . . .MkMk−1. 
We recall that F (cθ) = F (sθ,ρ) = F (s
′
θ,ρ) for any intercept ρ.
Proposition 2.4. Let s be a Sturmian word of slope θ = [0; 1 + d1, d2, . . .], where
d1 ≥ 1. Let k be a non-negative integer. Let n be an integer with qk ≤ n ≤ qk+1−1.
Let c = max{b/a, a/b}. For any factor M , M ′ of s of length n, we have
K(M) ≤ 22kcK(M ′).
Proof. Suppose first that k = 0. Recall that q0 = 1 and q1 = d1 + 1. Let n
be an integer with q0 ≤ n ≤ q1 − 1. A factor of s of length n is a factor of
M1M
−−
1 = a
d1bad1−1. Then any factor of s of length n is either an, or an1ban2
with n1 + n2 = n− 1.
Assume that a < b. Clearly, K(an) < K(an1ban2). Since
aK(an1b) = a(bK(an1) +K(an1−1))
≤ b(aK(an1) +K(an1−1)) = bK(an1+1),
it is easy to check that,
aK(an1ban2) ≤ bK(an).
Thus, aK(an1ban2) ≤ bK(an) ≤ bK(an′1ban′2) with n′1 + n′2 = n− 1. Similarly, for
the case of a > b, we check that bK(an1ban2) ≤ bK(an) ≤ aK(an′1ban′2). Hence,
the proposition holds for every positive integer n at most equal to q1 − 1.
We argue by induction. Let k be a positive integer and suppose that the propo-
sition holds for every positive integer n at most equal to qk−1. Let n be an integer
with qk ≤ n ≤ qk+1− 1. Let M,M ′ be two factors of s of length n. By Lemma 2.3,
we distinguish the following cases:
Case (i): Both of M,M ′ are factors of MkMk . . .MkMk−1.
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Since MkMk . . .MkMk−1 is a periodic word with period qk, there exist factors
N,N ′ of s such that NM = M ′N ′ and |N | = |N ′| < qk. Therefore,
K(M) =
K(N)K(M)
K(N)
≤ K(NM)
K(N)
≤ c22(k−1)K(M
′N ′)
K(N ′)
≤ c22k−1K(M
′)K(N ′)
K(N ′)
≤ c22k−1K(M ′).
Case (ii): Let M = UV and M ′ = U ′V ′ where U,U ′ are (possibly empty) suffixes
of Mk+1 and V, V
′ are (possibly empty) prefixes of Mk+1. We may assume that
|U | < |U ′|. Define the words N,N ′ by U ′ = NU and V = V ′N ′. It follows from
Case (i) that
K(N ′) ≤ c · 2 · 4k−1K(N).
Therefore,
K(M) =
K(N)K(UV )
K(N)
≤ K(NUV )
K(N)
≤ c22k−1K(U
′V ′N ′)
K(N ′)
≤ c22k−1 2K(U
′V ′)K(N ′)
K(N ′)
= c22kK(M ′).
Case (iii): Assume that M is a factor of Mk . . .MkMk−1 and M ′ = UV , where
U is a suffix of Mk+1 and V is a prefix of Mk+1 with |V | ≥ qk − 1. Write M =
NMk . . .MkN
′ where N is a nonempty prefix of Mk and N ′ is a possibly empty
suffix of Mk.
(1) If |N ′| ≥ qk−1, thenN ′ = Mk−1N ′′ is a prefix of (MkMk−1)−− = (Mk−1Mk)−−.
Hence,
M = NMk . . .MkN
′ = NMk . . .MkMk−1N ′′,
where NMk . . .MkMk−1 is a suffix of Mk+1 and N ′′ is a prefix of Mk, which
is a prefix of Mk+1. We apply the argument of Case (ii).
(2) If |N ′| ≤ qk−1−2, then MkN ′ is a prefix of (MkMk−1)−− = (Mk−1Mk)−−.
Define N ′′ by
MkN
′ = Mk−1N ′′.
Since n ≥ qk, we get that N ′′ is a suffix of M . We write M = WN ′′, where
W is a suffix of Mk . . .MkMk−1. Since N ′′ is a prefix of Mk, which is a
prefix of Mk+1, we apply the argument of Case (ii).
(3) Suppose that |N | ≥ 2. Put Mk = V ′N . Then V ′ is a prefix of V . Let
V ′′,W be the words defined by V = V ′V ′′ and M = V ′′W . Since UV ′ is a
factor of Mk+1M
−−
k = MkM
−−
k+1 and MkM
−−
k+1 is periodic with period qk,
we have
K(W ) ≤ c22k−1K(UV ′),
in a similar way as in Case (i). Thus,
K(M) ≤ 2K(V ′′)K(W ) ≤ 2K(V ′′) · c22k−1K(UV ′)
≤ c22kK(UV ′V ′′) = c22kK(M ′).
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(4) The remaining case is the case where |N | = 1 and |N ′| = qk−1 − 1. Then,
for some d ≥ 0,
M =
{
a(Mk)
d+1(Mk−1)−, if k is even,
b(Mk)
d+1(Mk−1)−, if k is odd,
since Mk is ending with a if k is even and with b otherwise. Note that
|M ′| = |M | = (d + 1)qk + qk−1. Since U is a suffix of (Mk)dk+1Mk−1 and
V is a prefix of (Mk)
dk+1(Mk−1)−−, we have
V U = (Mk)
d+1Mk−1.
If k is even, then
K(M) ≤ 4K(a)K(V )K(U−)
≤ 4cK(b)K(V )K(U−) ≤ 4cK(U−bV ) = 4cK(M ′).
The case of odd k is symmetric. 
Before concluding the proof, we recall Fekete’s lemma.
Lemma 2.5 (Fekete). If a sequence (an)n≥1 of positive real numbers is subadditive,
that is, if it satisfies an+m ≤ an + am for every integers n,m, then the sequence
(an/n)n≥1 converges and
lim
n→∞
an
n
= inf
n≥1
an
n
.
We have now all the material to establish the following theorem.
Theorem 2.6. Let x = [0; s1, s2, . . .] be a Sturmian continued fraction. For n ≥ 1,
let Qn(x) denote the denominator of [0; s1, s2, . . . , sn]. Then, x has a Le´vy constant
L(x) and
L(x) = lim
n→∞
1
n
logQn(x).
Proof. We apply Proposition 2.4. Let θ = [0; 1 + d1, d2, . . .], where d1 ≥ 1, denote
the slope of x. For k ≥ 1, let qk denote the denominator of θ. Let k be a non-
negative integer. Let n be an integer with qk ≤ n ≤ qk+1−1. Let M,M ′ be factors
of s of length n. Since qk ≥ 2k/2−1, we have
(2.2) K(M) ≤ c4k−1K(M ′) ≤ 4c(qk)4K(M ′) ≤ 4cn4K(M ′).
Set An = 2
7cn4K(s1, s2, . . . , sn). Then for m ≤ n we have
An+m = 2
7c(n+m)4K(s1, s2, . . . , sn+m)
≤ 27c(2n)42K(s1, s2, . . . , sn)K(sn+1, sn+2, . . . , sn+m)
≤ 27cn4K(s1, s2, . . . , sn)27cm4K(s1, s2, . . . , sm) = AnAm.
By Fekete’s lemma, the following limits exist and are equal
lim
n→∞
1
n
logAn = lim
n→∞
1
n
log (27cn4Qn(x)) = lim
n→∞
1
n
logQn(x).
This proves that x has a Le´vy constant, which, by (2.2) and the fact that two
Sturmian words with the same slope have the same set of factors, does not depend
on the intercept. 
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Completion of the proof of Theorem 1.1. Let w = w1w2 . . . be an infinite word de-
fined over the positive integers such that the sequence (p(n,w)−n)n≥1 is bounded
and w is not ultimately periodic. Since the function n 7→ p(n,w) is non-decreasing,
the sequence (p(n,w)−n)n≥1 of positive integers is eventually constant. Thus, there
exist positive integers k and n0 such that
(2.3) p(n,y) = n+ k, for n ≥ n0.
Infinite words satisfying (2.3) are called quasi-Sturmian words. It follows from a
result of Cassaigne [6] that there are a finite word W , a Sturmian word s defined
over {a, b} and a morphism φ from {a, b}∗ into the set of positive integers such that
φ(ab) 6= φ(ba) and
w = Wφ(s).
We briefly explain that Proposition 2.4 can be suitably extend to the word w.
Put cφ = max{K(φ(a))/K(φ(b)),K(φ(b))/K(φ(a))}. For any nonnegative inte-
gers n1, n2, n
′
1, n
′
2 with n1 + n2 = n
′
1 + n
′
2 = n− 1, we have
K(φ(an1ban2)) ≤ 4K(φ(an1))K(φ(b))K(φ(an2))
≤ 4cφK(φ(an)) ≤ 42cφK(φ(an′1ban′2))
or
K(φ(an1ban2)) ≤ 4K(φ(an)) ≤ 42cφK(φ(an′1ban′2)),
depending on the fact that K(φ(a)) ≤ K(φ(b)) or K(φ(b)) ≤ K(φ(a)). Therefore,
by replacing K(M),K(M ′) with K(φ(M)) and K(φ(M ′)) in the proof of Propo-
sition 2.4, we conclude that, for any factors N,N ′ of s with qk ≤ |N | = |N ′| ≤
qk+1 − 1, we get
K(φ(N)) ≤ 4k+2cφK(φ(N ′)).
Set h = max{|φ(a)|, |φ(b)|}. Let M,M ′ be factors of the same length of φ(s). Let
L (resp., N) be the word of minimal (resp., maximal) length such that M is a
factor of φ(L) (resp., φ(N) is a factor of M ′). Since s is a balanced word, we have
|L| − |N | ≤ 6. Setting c˜ = max{K(M) |M = φ(N) for |N | = 6}, we get
K(M) ≤ K(φ(L)) ≤ 2c˜ · 4k+2cφK(φ(N)) ≤ 2c˜ · 4k+2cφK(M ′),
and we conclude as in the proof of Theorem 2.6. We observe that the Le´vy constant
of [0;w1, w2, . . .] depends only on the slope of the Sturmian word s. 
We end this section with a proof that the real number ξa,b defined in Section 1
has no Le´vy constant. By construction, for m ≥ 1, its first 2m partial quotients are
followed by 2m partial quotients equal to a if m is odd and equal to b if n is even.
Let (qk)k≥1 denote the sequence of denominators of its convergents. For m ≥ 2, we
have
q2mK(a, . . . , a) ≤ q2m+1 ≤ 2q2mK(a, . . . , a), if m is odd,
and
q2mK(b, . . . , b) ≤ q2m+1 ≤ 2q2mK(b, . . . , b), if m is even.
Consequently, if ξa,b has a Le´vy constant `, then ` must satisfy
` =
`
2
+ L([0, b]) = `
2
+ L([0, a]),
a contradiction with the assumption that a and b are distinct.
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3. Proof of Theorem 1.2
The Le´vy constants of quadratic numbers have been discussed in many papers.
Jager and Liardet [8] applied a result of Kiss [10] to compute them; see also the
papers of Lenstra and Shallit [11] and of Belova and Hazard [4].
Lemma 3.1 (Jager and Liardet). If α is the quadratic irrational whose continued
fraction expansion is given by [a0; a1, . . . , ar, ar+1, . . . , ar+s], then
L(α) = 1
s
log
t+
√
t2 − (−1)s4
2
,
where t is the trace of(
ar+1 1
1 0
)(
ar+2 1
1 0
)
. . .
(
ar+s 1
1 0
)
.
The key argument in the proof is the fact that, denoting by (Pn/Qn)n≥1 the
sequence of convergents to
α = [0; ar+1, . . . , ar+s],
we have Qn+2s = tQn+s − (−1)sQn, for n ≥ 1, where t is as in Lemma 3.1.
Our first auxiliary result in this section is an alternative expression for the Le´vy
constant of a quadratic irrational number. We first need to introduce some notation.
Notation 3.2. (1) For real numbers a1, . . . , an, set
T (a1, . . . , an) = Tr
((
a1 1
1 0
)
. . .
(
an 1
1 0
))
.
(2) For n ≥ 1, we define polynomials Tn(x) by
Tn(x) = Tr (X
n) = T (x, . . . , x),
where
X =
(
x 1
1 0
)
.
Observe that
T1(x) = x, T2(x) = x
2 + 2, T3(x) = x
3 + 3x, . . .
Let a1, . . . , an be positive integers. Since all the coefficients of Tn(x) are nonneg-
ative integers, we have T′n(x) > 0 for all positive real numbers x. If n is even,
then T (a1, . . . , an) > 2 and Tn(0) = 2. If n is odd, then T (a1, . . . , an) > 0 and
Tn(0) = 0. Thus, there is a unique positive µ such that Tn(µ) = T (a1, . . . , an).
This real number µ can be seen as being a mean of a1, . . . , an.
Proposition 3.3. If α is the quadratic irrational whose continued fraction expan-
sion is given by [a0; a1, . . . , ar, ar+1, . . . , ar+s], then
L(α) = log µ+
√
µ2 + 4
2
,
where µ is the positive real number such that
Ts(µ) = T (ar+1, . . . , ar+s).
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Proof. For a nonnegative integer n, define the polynomials An and Bn by
(3.1)
(
x+
√
x2 + 4
2
)n
=
An(x) + Bn(x)
√
x2 + 4
2
.
Observe that A0 = 2, A1 = x, B0 = 0, B1 = 1 and B2 = x. We have(
An+1(x)
Bn+1(x)
)
=
1
2
(
x x2 + 4
1 x
)(
An(x)
Bn(x)
)
.
Then, (
An−1(x)
Bn−1(x)
)
=
1
2
(−x x2 + 4
1 −x
)(
An(x)
Bn(x)
)
.
Since
An+1(x)− x
2
An(x) =
x2 + 4
2
Bn(x) =
x
2
An(x) + An−1(x)
and
Bn+1(x)− x
2
Bn(x) =
1
2
An(x) =
x
2
Bn(x) + Bn−1(x),
we have the following recurrence relations
An+1(x) = xAn(x) + An−1(x), Bn+1(x) = xBn(x) + Bn−1(x).
Since A0(x) = T0(x) and A1(x) = T1(x), we deduce that An(x) = Tn(x).
Recall that the norm of a quadratic irrational is equal to the product of itself by
its Galois conjugate. Thus, the norm of (An(x) + Bn(x)
√
x2 + 4)/2 is (An(x)
2 −
Bn(x)
2(x2 + 4))/4 and the norm of (x +
√
x2 + 4)/2 is −1. It then follows from
(3.1) that
Bn(x)
√
x2 + 4 =
√
An(x)2 − (−1)n4.
It follows from Lemma 3.1 and the definition of µ that
L(α) = 1
s
log
T (ar+1, . . . , ar+s) +
√
T (ar+1, . . . , ar+s)2 − (−1)s4
2
=
1
s
log
Ts(µ) +
√
Ts(µ)2 − (−1)s4
2
.
Since As(µ) = Ts(µ) and Bs(µ)
√
x2 + 4 =
√
Ts(µ)2 − (−1)s4, this proves the
proposition. 
In the sequel, the words are written over the alphabet {a, b}, where a, b are
integers with 1 ≤ a < b.
Definition 3.4. Let p/q be a rational number in [0, 1]. The lower Christoffel word
of slope p/q is the prefix of sp/q,0 of length q. We denote it by wp/q.
For example,
w0/1 = a, w1/1 = b, w1/2 = ab, w1/3 = aab, w3/8 = aabaabab.
We have
|wp/q| = q, |wp/q|a = q − p, |wp/q|b = p,
where | · | denotes the number of letters and | · |a (resp., | · |b) denotes the number
of a (resp., of b). Note that, for p/q in [0, 1), the word wp/q can be written as
wp/q = aub, where u is a palindrome.
We refer the reader to [5] and [1] for additional results on Christoffel words.
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For shorten the notation, for a finite word v = v1 . . . vn over the positive integers,
we write
[0; v] = [0; v1, . . . , vn]
and
T (v) = T (v1, . . . , vn).
We define αθ by
αθ =
{
[0;wp/q], if θ = p/q,
[0; cθ], if θ is irrational.
Then L(αp/q) is uniquely defined for each rational p/q. Note that each rational
number p/q in (0, 1) has a unique continued fraction expansion whose last partial
quotient is bigger than 1.
To show Theorem 1.2, we need more statements. We define the function f on
[0, 1] by setting
(3.2) f(θ) = L(αθ), for θ in [0, 1].
Proposition 3.3 and Lemma 3.1 imply that f is well-defined. Our aim is to prove
that f is monotone and continuous.
We introduce further notation. For any rational number p/q in [0, 1], we denote
by xp/q the positive real solution of
(3.3) Tq(xp/q) = T (wp/q).
It has been shown just above Proposition 3.3 that xp/q is well-defined. Setting
Xp/q =
(
xp/q 1
1 0
)
,
it follows from (3.3) that we have
Tr(Xqp/q) = T (wp/q).
We define the functions ϕ+ and ϕ− by setting
(3.4) ϕ+(x) =
x+
√
x2 + 4
2
and ϕ−(x) =
x−√x2 + 4
2
, x ∈ R.
Proposition 3.3 shows that
L(αp/q) = logϕ+(xp/q).
Example 3.5. (1) For n = 1, we have that
L([0; a]) = log a+
√
a2 + 4
2
= logϕ+(a)
and x0/1 = a.
(2) For n = 2. we have that
L([0; a, b]) = 1
2
log
ab+ 2 +
√
(ab+ 2)2 − 4
2
=
1
2
log
ab+ 2 +
√
ab(ab+ 4)
2
.
12 YANN BUGEAUD, DONG HAN KIM, AND SEUL BEE LEE
Since
logϕ+(
√
ab) = log
√
ab+
√
ab+ 4
2
=
1
2
log
(√
ab+
√
ab+ 4
2
)2
=
1
2
log
2ab+ 4 + 2
√
ab(ab+ 4)
4
,
we get
L([0; a, b]) = logϕ+(
√
ab)
and x1/2 =
√
ab.
Lemma 3.6. Let U, V be 2× 2 matrices. If U = WV or VW , then we have
Tr(V U) = Tr(UV ) = Tr(U)Tr(V )− det(V )Tr(W ).
In particular, for any positive integers q, q′ with q ≥ q′, we have
(3.5) Tr(Xq+q
′
) = Tr(Xq)Tr(Xq
′
) + (−1)q′+1Tr(Xq−q′).
Proof. By a direct calculation, we get
Tr(UV ) = Tr(U)Tr(V ) + det(U − V )− det(U)− det(V )
and
det(W − I) = det(W )− Tr(W ) + 1,
where I is the 2× 2 identity matrix. Therefore, if U = WV , then we have
Tr(UV ) = Tr(U)Tr(V ) + det(WV − V )− det(WV )− det(V )
= Tr(U)Tr(V ) + det(W − I) det(V )− det(W ) det(V )− det(V )
= Tr(U)Tr(V )− det(V )Tr(W ).
If U = VW , then Tr(UV ) = Tr(VWV ) = Tr(V U ′), with U ′ = WV , and we use
the previous calculation. Finally, taking U = Xq and V = Xq
′
, we immediately
derive (3.5). 
Lemma 3.7. Let p/q and p′/q′ be rational numbers in [0, 1] with det
(
p p′
q q′
)
= ±1
and q > q′. Then we have
(3.6) T (w(p+p′)/(q+q′)) = T (wp/q)T (wp′/q′) + (−1)q
′+1T (w(p−p′)/(q−q′)).
Proof. This is a direct consequence of the previous lemma. 
Example 3.8. The lower Christoffel words of slope 0/1, 1/4, 1/3, 2/7 are
w0/1 = a, w1/4 = aaab, w1/3 = aab, w2/7 = aaabaab,
respectively. Their corresponding traces are
T (w0/1) = a, T (w1/4) = a
3b+ 2a2 + 2ab+ 2, T (w1/3) = a
2b+ 2a+ b,
T (w2/7) = a
5b2 + 4a4b+ 3a3b2 + 4a3 + 8a2b+ 2ab2 + 5a+ 2b.
We check that we have
T (w2/7) = T (w1/4)T (w1/3) + T (w0/1),
as given by the lemma.
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Lemma 3.9. Let p/q and p′/q′ be rational numbers in [0, 1] with det
(
p p′
q q′
)
= ±1
and q > q′. Then we have the following four relations:
Tr(Xq+q
′
p/q )− Tr(Xq+q
′
(p+p′)/(q+q′))
Tr(Xq
′
p/q)− Tr(Xq
′
p′/q′)
= Tr(Xqp/q) + (−1)q
′+1
Tr(Xq−q
′
p/q )− Tr(Xq−q
′
(p−p′)/(q−q′))
Tr(Xq
′
p/q)− Tr(Xq
′
p′/q′)
,
(3.7)
Tr(Xq+q
′
p′/q′)− Tr(Xq+q
′
(p+p′)/(q+q′))
Tr(Xqp′/q′)− Tr(Xqp/q)
= Tr(Xq
′
p′/q′) + (−1)q
′+1
Tr(Xq−q
′
p′/q′)− Tr(Xq−q
′
(p−p′)/(q−q′))
Tr(Xqp′/q′)− Tr(Xqp/q)
,
(3.8)
Tr(Xq
′
(p+p′)/(q+q′))− Tr(Xq
′
p′/q′)
Tr(Xqp/q)− Tr(Xq(p+p′)/(q+q′))
=
Tr(Xq
′
(p+p′)/(q+q′))
Tr(Xqp/q)
+ (−1)q′+1
Tr(Xq−q
′
(p+p′)/(q+q′))− Tr(Xq−q
′
(p−p′)/(q−q′))
(Tr(Xq(p+p′)/(q+q′))− Tr(Xqp/q))Tr(Xqp/q)
,
(3.9)
Tr(Xq(p+p′)/(q+q′))− Tr(Xqp/q)
Tr(Xq
′
p′/q′)− Tr(Xq
′
(p+p′)/(q+q′))
=
Tr(Xq(p+p′)/(q+q′))
Tr(Xq
′
p′/q′)
+ (−1)q′+1
Tr(Xq−q
′
(p−p′)/(q−q′))− Tr(Xq−q
′
(p+p′)/(q+q′))
(Tr(Xq
′
p′/q′)− Tr(Xq
′
(p+p′)/(q+q′)))Tr(X
q′
p′/q′)
.
(3.10)
Proof. By (3.6) we have
Tr(Xq+q
′
(p+p′)/(q+q′)) = Tr(X
q
p/q)Tr(X
q′
p′/q′) + (−1)q
′+1Tr(Xq−q
′
(p−p′)/(q−q′)).
By applying (3.5) with X = Xp/q, X = Xp′/q′ , and X = X(p+p′)/(q+q′), we get
three equalities. By combining these four equalities we derive (3.7) to (3.10). 
Proposition 3.10. Let p/q and p′/q′ be rational numbers in [0, 1] with det
(
p p′
q q′
)
=
±1 and q > q′. Then we have
xp/q < x(p+p′)/(q+q′) < xp′/q′ or xp′/q′ < x(p+p′)/(q+q′) < xp/q.
Proof. It is easy to check that, for every n ≥ 1 and every rational numbers p/q, r/s
in [0, 1], we have
Tr(Xnp/q) < Tr(X
n
r/s) ⇐⇒ xp/q < xr/s.
We argue by induction. Suppose that xp/q lies between xp′/q′ and x(p−p′)/(q−q′).
(i) Assume that q′ is even. Since xp/q is between xp′/q′ and x(p−p′)/(q−q′), we
have
Tr(Xq−q
′
p/q )− Tr(Xq−q
′
(p−p′)/(q−q′))
Tr(Xq
′
p/q)− Tr(Xq
′
p′/q′)
< 0.
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By (3.7),
(3.11)
Tr(Xq+q
′
p/q )− Tr(Xq+q
′
(p+p′)/(q+q′))
Tr(Xq
′
p/q)− Tr(Xq
′
p′/q′)
> Tr(Xqp/q) > 0.
Assume that q′ is odd. If p/q < p′/q′, then (p− p′)/(q − q′) < p/q < p′/q′, thus
(the traces are integers)
(3.12)
Tr(Xq−q
′
p/q )− Tr(Xq−q
′
(p−p′)/(q−q′))
Tr(Xq
′
p′/q′)− Tr(Xq
′
p/q)
< Tr(Xq−q
′
p/q ) < Tr(X
q
p/q).
If p′/q′ < p/q and q − q′ < q′, then
2p′ − p
2q′ − q <
p′
q′
<
p
q
<
p− p′
q − q′ ,
thus, by (3.9),
Tr(Xq−q
′
p/q )− Tr(Xq−q
′
(p−p′)/(q−q′))
Tr(Xq
′
p′/q′)− Tr(Xq
′
p/q)
is equal to
Tr(Xq−q
′
p/q )
Tr(Xq
′
p′/q′)
+ (−1)q−q′+1
Tr(X2q
′−q
p/q )− Tr(X2q
′−q
(2p′−p)/(2q′−q))
(Tr(Xq
′
p/q)− Tr(Xq
′
p′/q′))Tr(X
q′
p′/q′)
.
For odd q, we have
Tr(Xq−q
′
p/q )− Tr(Xq−q
′
(p−p′)/(q−q′))
Tr(Xq
′
p′/q′)− Tr(Xq
′
p/q)
=
Tr(Xq−q
′
p/q )
Tr(Xq
′
p′/q′)
−
Tr(X2q
′−q
p/q )− Tr(X2q
′−q
(2p′−p)/(2q′−q))
(Tr(Xq
′
p/q)− Tr(Xq
′
p′/q′))Tr(X
q′
p′/q′)
<
Tr(Xq−q
′
p/q )
Tr(Xq
′
p′/q′)
< Tr(Xqp/q).
(3.13)
For even q, we have
Tr(Xq−q
′
p/q )− Tr(Xq−q
′
(p−p′)/(q−q′))
Tr(Xq
′
p′/q′)− Tr(Xq
′
p/q)
=
Tr(Xq−q
′
p/q )
Tr(Xq
′
p′/q′)
+
Tr(X2q
′−q
p/q )− Tr(X2q
′−q
(2p′−p)/(2q′−q))
(Tr(Xq
′
p/q)− Tr(Xq
′
p′/q′))Tr(X
q′
p′/q′)
< Tr(Xq−q
′
p/q ) + Tr(X
2q′−q
p/q )
< Tr(Xq
′
p/q)Tr(X
q−q′
p/q ) + (−1)q−q
′+1Tr(X2q
′−q
p/q ) = Tr(X
q
p/q).
(3.14)
If p′/q′ < p/q and q − q′ > q′, then
p′
q′
<
p
q
<
p− p′
q − q′ <
p− 2p′
q − 2q′ ,
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thus by (3.10)
Tr(Xq−q
′
p/q )− Tr(Xq−q
′
(p−p′)/(q−q′))
Tr(Xq
′
p′/q′)− Tr(Xq
′
p/q)
=
Tr(Xq−q
′
p/q )
Tr(Xq
′
p′/q′)
+
Tr(Xq−2q
′
(p−2p′)/(q−2q′))− Tr(Xq−2q
′
p/q )
(Tr(Xq
′
p′/q′)− Tr(Xq
′
p/q))Tr(X
q′
p′/q′)
<
Tr(Xq−q
′
p/q )
Tr(Xq
′
p′/q′)
< Tr(Xqp/q).
(3.15)
Therefore, using (3.12), (3.13), (3.14), (3.15), we deduce from (3.7) that
Tr(Xq+q
′
p/q )− Tr(Xq+q
′
(p+p′)/(q+q′))
Tr(Xq
′
p/q)− Tr(Xq
′
p′/q′)
> 0.
Thus, we have established that
xp/q < x(p+p′)/(q+q′) if xp/q < xp′/q′
and
xp/q > x(p+p′)/(q+q′) if xp/q > xp′/q′ ,
regardless of the parity of q′.
(ii) Suppose that q′ is odd. Since xp/q is between xp′/q′ and x(p−p′)/(q−q′), we
have
Tr(Xq−q
′
p′/q′)− Tr(Xq−q
′
(p−p′)/(q−q′))
Tr(Xqp′/q′)− Tr(Xqp/q)
> 0.
By (3.8),
Tr(Xq+q
′
p′/q′)− Tr(Xq+q
′
(p+p′)/(q+q′))
Tr(Xqp′/q′)− Tr(Xqp/q)
> Tr(Xq
′
p′/q′) > 0.
Suppose that q′ is even. Using (3.8), we have to show that
Tr(Xq−q
′
p′/q′)− Tr(Xq−q
′
(p−p′)/(q−q′))
Tr(Xqp′/q′)− Tr(Xqp/q)
< Tr(Xq
′
p′/q′).
Let m ≥ 1 be the integer satisfying that mq′ < q < (m+ 1)q′. By (3.7) (note that
q is odd)
Tr(X
q−(m−1)q′
p′/q′ )− Tr(Xq−(m−1)q
′
(p−(m−1)p′)/(q−(m−1)q′))
Tr(Xq−mq
′
p′/q′ )− Tr(Xq−mq
′
(p−mq′)/(q−mq′))
= Tr(Xq
′
p′/q′)−
Tr(X
(m+1)q′−q
((m+1)p′−p)/((m+1)q′−q))− Tr(X(m+1)q
′−q
p′/q′ )
Tr(Xq−mq
′
p′/q′ )− Tr(Xq−mq
′
(p−mq′)/(q−mq′))
< Tr(Xq
′
p′/q′).
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Here, we have used the fact that p′/q′ is between (m+1)p
′−p
(m+1)q′−q and
p−mp′
q−mq′ . By (3.8),
for n = 0, . . . ,m− 1, we have
Tr(X
q−(n−1)q′
p′/q′ )− Tr(Xq−(n−1)q
′
(p−(n−1)p′)/(q−(n−1)q′))
Tr(Xq−nq
′
p′/q′ )− Tr(Xq−nq
′
(p−nq′)/(q−nq′))
= Tr(Xq
′
p′/q′)−
Tr(X
q−(n+1)q′
p′/q′ )− Tr(Xq−(n+1)q
′
(p−(n+1)p′)/(q−(n+1)q′))
Tr(Xq−nq
′
p′/q′ )− Tr(Xq−nq
′
(p−nq′)/(q−nq′))
.
Therefore, inductively, we have
Tr(Xq+q
′
p′/q′)− Tr(Xq+q
′
(p+p′)/(q+q′))
Tr(Xqp′/q′)− Tr(Xqp/q)
> Tr(Xq
′
p′/q′)−
1
Tr(Xq
′
p′/q′)−
1
Tr(Xq
′
p′/q′)−
. . .
> 0.
Thus, we have established that
xp′/q′ < x(p+p′)/(q+q′) if xp′/q′ < xp/q
and
xp′/q′ > x(p+p′)/(q+q′) if xp′/q′ > xp/q
regardless of the parity of q′. We conclude that
xp′/q′ < x(p+p′)/(q+q′) < xp/q or xp/q < x(p+p′)/(q+q′) < xp′/q′
holds. 
Proposition 3.11. Let p/q and p′/q′ be rational numbers in [0, 1] with p/q < p′/q′.
Then
L(αp/q) < L(αp′/q′).
Proof. It is sufficient to show the conclusion for rational numbers p/q and p′/q′
with det
(
p p′
q q′
)
= −1. By Proposition 3.3,
L(αp/q) < L(α(p+p′)/(q+q′)) < L(αp′/q′),
is equivalent to
xp/q < x(p+p′)/(q+q′) < xp′/q′ ,
which is established in Proposition 3.10. 
The above proposition shows that f is monotone increasing on the rationals.
From now on, we will discuss the continuity of f .
Lemma 3.12. For a given rational number p/q in [0, 1], there exists a sequence
(rn)n≥1 of rational numbers which converges to p/q such that xrn converges to xp/q.
Proof. Let p′/q′ be a rational number such that p′q − pq′ = ±1. For n ≥ 1, setting
rn :=
p′ + np
q′ + nq
,
we observe that rn tends to p/q as n tends to infinity, and rn 6= p/q, for n ≥ 1.
Since Tm(x) = xTm−1(x) + Tm−2(x) for m ≥ 3, we can show inductively that
(3.16) Tm(x) = ϕ+(x)
m + ϕ−(x)m, for m ≥ 1,
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where ϕ+ and ϕ− are defined in (3.4).
By Lemma 3.7, we get
(3.17) T (wrn) = T (wp/q)T (wrn−1) + (−1)q+1T (wrn−2), for n ≥ 3.
Thus, the sequence (T (wrn))n≥1 is a binary recurrence sequence and there exist
constants C1, C2 such that
T (wrn) = C1u
n + C2v
n, n ≥ 1,
where
u =
T (wp/q) +
√
T (wp/q)2 + (−1)q+14
2
and v =
T (wp/q)−
√
T (wp/q)2 + (−1)q+14
2
.
Since the integer T (wp/q)
2 + (−1)q+14 cannot be a positive perfect square, we
deduce that C1 and C2 are nonzero.
For any ε > 0, we have
1
q
log u = L(αp/q) = logϕ+(xp/q) ∈
(
logϕ+(xp/q − ε), logϕ+(xp/q + ε)
)
.
Thus,
0 < ϕ+(xp/q − ε)q < u < ϕ+(xp/q + ε)q.
Since |ϕ−(xp/q − ε)| < ϕ+(xp/q − ε) and |v| < u, by combining (3.16) and (3.17),
we get that
Tq′+nq(xp/q − ε)
Tq′+nq(xrn)
→ 0 and Tq′+nq(xp/q + ε)
Tq′+nq(xrn)
→∞,
as n→∞. There exists N depending only on ε such that, for any n > N ,
Tq′+nq(xp/q − ε) < Tq′+nq(xrn) < Tq′+nq(xp/q + ε).
Since Tq′+nq is monotone increasing, we obtain that
xp/q − ε < xrn < xp/q + ε.
Since ε can be taken arbitrarily small, this shows that xrn tends to xp/q as n tends
to infinity. 
Lemma 3.13. Let α = [0; s1, s2, . . . , sn, . . .], where s1s2 . . . sn . . . is the character-
istic Sturmian word of slope θ. Then
L(α) = lim
k→∞
L(αpk/qk),
where pk/qk is the principal convergent of θ.
To show the lemma, we use the following result of Baxa [3].
Lemma 3.14 (Baxa, 2008). For all α = [0; b1, b2, . . . ] in R \Q, we have
lim sup
n→∞
1
n
logQn(α) = lim sup
n→∞
1
n
n∑
i=1
log ([bi; bi+1, . . .])
and
lim inf
n→∞
1
n
logQn(α) = lim inf
n→∞
1
n
n∑
i=1
log ([bi; bi+1, . . .]),
where Qn(α) is the denominator of the nth convergent of α.
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Proof of Lemma 3.13. By Theorem 1.1 combined with the above lemma, we have
L(α) = lim
n→∞
1
n
n∑
i=1
log ([si; si+1, . . .]).
Let k ≥ 2 be an integer. The prefix s1 . . . sqk−1sqk is a standard word. It is
known that a standard word is a permutation of a lower Christoffel word. More
precisely, if sqk−1sqk = ba, then sqks1 . . . sqk−1 is wpk/qk and if sqk−1sqk = ab, then
sqk−1sqk−2 . . . s2s1sqk is wpk/qk . Thus,
L(αpk/qk) =
1
qk
qk∑
i=1
log ([si; si+1, . . . , si+qk−1]) = L([0; s1 . . . sqk ]).
Let r ≥ 3 and γ = [0; cr, cr+1, . . .], δ = [0; dr, dr+1, . . .] be continued fractions
with partial quotients in {a, b}. Let b0, . . . , br−1 be in {a, b} and set
Rr−2/Sr−2 = [b0; b1, . . . , br−2], Rr−1/Sr−1 = [b0; b1, . . . , br−1].
Then,
|[b0; b1, . . . , br−1, cr, cr+1, . . .]− [b0; b1, . . . , br−1, dr, dr+1, . . .]|
=
∣∣∣∣Rr−1γ +Rr−2Sr−1γ + Sr−2 − Rr−1δ +Rr−2Sr−1δ + Sr−2
∣∣∣∣ = |γ − δ|(Rr−1γ +Rr−2)(Sr−1δ + Sr−2)
≤ L([0; b])− L([0; a])
2r−2
.
Since | log x− log y| < |x− y| if x, y > 1, we get∣∣∣∣∣ 1qk
qk∑
i=1
log ([si; si+1, . . .])− 1
qk
qk∑
i=1
log ([si; si+1, . . . , si+qk−1])
∣∣∣∣∣
≤ L([0; b])− L([0; a])
2qk−2
→∞ as k →∞.
Thus, L(α) = lim
n→∞L(αpk/qk). 
Proof of Theorem 1.2. By Proposition 3.10, the function f is monotone increasing
on the rationals in [0, 1]. By Lemma 3.13, f is monotone increasing on [0, 1]. By
Lemmas 3.12 and 3.13, f([0, 1]) is dense in [L([0; a]),L([0; b])]. Therefore, f has no
jump discontinuities, thus f is continuous on [0, 1]. 
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